A pairing Hamiltonian HðCÞ with an interaction kernel C characterized by ½ÀC 0 ; Àa 0 , where C 0 denotes the separable part and a 0 the degree of non-separability, produces high temperature superconductivity for both attractive C 0 > 0 and repulsive C 0 < 0 when a 0 > 0. For C 0 > 0, typical HTS properties, e.g. cuprate, are produced. Repulsive C 0 < 0 produces a distinct difference in the kinetic energy dependence of the SC gap, significantly altering thermodynamic properties.
Introduction
High T C superconducting (HTS) materials, particularly the cuprates [1] , are a subject of extensive experimental and theoretical studies. Although it is established that Bardeen-Cooper-Schrieffe r (BCS) [2] pairs c Àk# c k" form in cuprates, the exact nature of the HTS pairing interaction remains an open question.
In Ref. [3] we presented a doping x and temperature T dependent theory that predicts many observed properties of cuprates in the SC and normal states. The non-separability of the pairing interaction kernel Cðx; TÞ, and the chemical potential lðxÞ are essential elements of the theory. Thermodynamic properties were studied for the case of strictly attractive pairing interactions characterized by energy scaled interaction parameters c > 0 and a > 0, where c denotes the separable part of the kernel and a the degree of non-separability.
In this paper it is shown that HTS is also possible for interactions with a repulsive c < 0. However, the SC gap, the quasi-particle energy, and the resultant thermodynamic properties are distinctly different from the attractive c > 0 case. Changing c from positive to negative values causes a temperature dependent reduction in the number of accessible SC states. Consequently the SC to normal state phase transition changes from second order (SOPT) to first order (FOPT), and the entropy decreases near T C .
Pairing Hamiltonian: non-separable interaction kernel
It is consistent with observation that in the SC state BCS pairs c Àk# c k" form in HTS materials [4] [5] [6] [7] . In the absence of transport currents, general four fermion operator interaction Hamiltonians are reasonably reduced to include only interactions between BCS pairs [8] . Accordingly, our starting point for SC state is the ''reduced'' Hamiltonian,
where p k is the pair annihilation operator. Fixed spins are implicitly indicated by AEk k "; Àk #. The single particle energies, referenced to the chemical potential l, are e k ¼ k À l.
The mean field (MF) approximation for the Hamiltonian in Eq. (1) is
where D k is defined by
Applying a Bogoliubov-Valatin canonical transformation, detailed in Ref. [3] , diagonalizes the MF Hamiltonian in the form Contents lists available at ScienceDirect Physica C j o u r n a l h o m e p a g e : w w w . e l s e v i e r . c o m / l o c a t e / p h y s c
The n k and q k are quasi-particle number operators with corresponding energy E k . The partition function Z ¼ Tr½expðÀbHÞ, using Eq. (4), gives the MF thermal averages
, with b ¼ 1=ðk B TÞ. Subsequently, non-interacting quasi-particle thermodynamic functions, e.g. thermodynamic potential X (free energy), average internal energy U ¼ hHi, and entropy S are obtained in the forms listed in Ref. [3] . The corresponding MF expression for hp k i from Eq. (4) formulates Eq. (3) as a self-consistent sum equation
that determines the gap in the quasi-particle energy.
Interaction kernel
The k dependent symmetry of the pairing interaction kernel C kk 0 effects the gap symmetry which is corroborated by many experiments on cuprates, indicating a d x 2 Ày 2 -wave gap D k / cosðk x Þ À cosðk y Þ [7, 9, 10] . Although a d-wave gap accounts for some k dependent observed HTS properties, symmetry factors do not account for the large gaps and critical temperatures in cuprate HTS [10] , nor do they significantly effect thermodynamic properties that represent k -space averages.
Pairing interaction kernels are generally non-separable, resulting in a very complicated gap Eq. (5). A common approximation, introduced by BCS [2] is C kk 0 % ÀC 0 [5, 11] . Another approximation is separable kernel factorization, C kk 0 % ÀC 0 w k w k 0 , where w k characterizes the symmetry [12] . Neither of these approximations leads to HTS without assuming an unrealistically strong interaction con-
In pursuit of a mechanism for HTS we consider a k-space root-mean-square (rms) approximation for a non-separable C.
The rms approximation is necessary for interactions with odd symmetry, e.g. d-wave, which has a zero k-space average. As formulated in Ref. [3] , C ¼ V þ U, with V separable, and U non-separable. Here we use an analogous decomposition for C, but denote ÀV 0 as the rms value of the matrix elements of V, and ÀU 0 and ÀU 00 as the rms values of the off-diagonal and diagonal elements of U, respectively. The matrix elements of the pairing interaction kernel assume the form
The sign convention here is that positive interaction constants are attractive and negative ones are repulsive. Note that although there are three interaction constants V 0 ; U 0 ; U 00 , the net pairing interaction depends only on the reduced parameter set ½C 0 ; a 0 .
Thus there is some flexibility in formulating the independent parameters C 0 and a 0 . For example, a repulsive V 0 < 0 with jV 0 j > U 0 > 0 gives a repulsive C 0 < 0 with no effect on a 0 . On the other hand, a repulsive U interaction, which can give a repulsive C 0 , requires jU 0 j > jU 00 j to maintain a 0 > 0. Although there are other combinations of non-separable interactions resulting in the approximate two parameter ½C 0 ; a 0 model, the form in Eq. (7) is sufficiently general to manifest features distinguishing repulsive from attractive pairing interactions.
Using the kernel of Eq. (6) in Eq. (5) gives
where
Noting from Eq. (8) that the only k-dependence of the gap is via the kinetic energy in E k , the D k will be replaced by the detailed notation Dðe k ; TÞ where necessary for clarity. Eliminating d by substituting D k from Eq. (8) into the summand in Eq. (9) gives
In general, with a 0 -0 and C 0 -0, the coupled Eqs. (8) and (9), or alternatively (8) and (10), must be solved self-consistently to determine the SC gap D k as a function of kinetic energy e k ¼ k À l, and the parameter dðTÞ for each value of T and interaction parameter set ½C 0 ; a 0 . The value of D k obtained corresponds to the minimum free energy (see Appendix B in Ref. [3] ). Simplification occurs in two cases. In the separable kernel case,
by Eq. (10). This is the standard BCS gap that is an exponentially small function of C 0 [2, 5] . In the special non-separable case
Since D k is not explicit in Eq. (11), the quasi-particle energy E k ¼ EðTÞ is independent of k. An exact correspondence exists between Eq. (11) and the molecular field equation for spontaneous magnetization in spin 1/2 ferromagnets, where the Brillouin function is B 1=2 ðxÞ ¼ tanhðxÞ [11] . Setting r ¼ MðTÞ=Mð0Þ, where MðTÞ is the magnetization, and setting a 0 ¼ J, where J is the total exchange energy per unit cell, Eq. (11) is identical to the molecular field equation.
From the definition of E k the gap is given by
where EðTÞ is obtained from the solution of Eq. (11). Its value varies from Eð0Þ ¼ a 0 to EðT C Þ ¼ 0. At T ¼ 0 the gap Dðe k ; TÞ has a maximum value a 0 on the Fermi surface, and zero value on the surfaces k ¼ l AE a 0 . As T increases EðTÞ decreases, shrinking the range of e k .
At T C only electrons on the Fermi surface contribute to the SC state.
In the general case, a 0 -0; C 0 -0, determination of D k requires extensive numerical computation. Nevertheless, considerable information can be extracted analytically. From Eq. (8)
Below it is proven that Dðe k ¼ 0; 0Þ given by Eq. (13) is the maximum gap for both positive and negative d; whereas the corresponding quasi-particle energy E k at the Fermi surface is minimum for d > 0 and maximum for d < 0. Noting from Eq. (9) that signðdÞ = signðC 0 Þ, it follows that a positive(negative) d corresponds to an attractive(repulsive) C 0 , respectively. From Eq. (8) one obtains the following derivatives for D k Dðe k ; TÞ and Eðe k ; TÞ at T ¼ 0:
where the second derivatives are evaluated at e k ¼ 0, for jD k j -0.
The distinct difference in the gap solutions for attractive C 0 > 0 and repulsive C < 0 are manifest in Eq. (14). 
Eq. (14) shows that the quasi-particle energy Eðe k ¼ 0; 0Þ is minimum for C 0 > 0. Hence, the kinetic energy increases faster than the gap decreases.
For d < 0, the quasi-particle energy E k < a 0 . This gives a pole in the derivatives of both D k and E k for some value je k j 0 ¼ w 0 . These solutions form closed contours, with no solution for energies 14) shows that the quasi-particle energy Eðe k ; 0Þ is maximum on the Fermi surface, given by Eðe k ¼ 0; 0Þ ¼ D max ¼ a 0 À jdj. Thus, in the repulsive case the gap decreases faster than the kinetic energy increases.
For d < 0 there is also a small gap solution of the form jD k j % je k jjdj=a 0 near the Fermi surface. Since the free energy corresponding to the small gap is much higher than that of the large gap solution, the small gap solution has no physical consequence.
Detailed analysis of the gap jD k j depends on the form of the kinetic energy k , e.g. isotropic k ¼ 0 k 2 , tight binding
Such functions determine the shape of the Fermi surface and the C 0 < 0 solution boundary surfaces. In the next section the distinct effects of C 0 > 0 versus C 0 < 0 are clearly illustrated using an isotropic approximation.
Isotropic approximation
Integrals are formulated from the k space sums using an isotropic approximation, replacing e k by its k-space angular average e ¼ he k i. The density of states NðeÞ is approximated by its mean value N 0 over the integration range, defined below. It is convenient to introduce the following scaling of the physical functions:
The scaled kinetic energy, relative to the Fermi level is the integration variable y and the scaled quasi-particle energy is Y.
Using the scaling in Eq. (16) the coupled Eqs. (8) and (9) Y À a tanhðY=2tÞ
The scaled material parameters, using Eq. (7), are
The pairing interaction constants that ultimately determine all functions in the SC state are ½c; a. The value of c is constrained in cuprates by the relatively small density of states N 0 ; whereas the parameter a can be relatively large for small e m [3] .
In accordance with the analysis in the previous section, the gap solutions U / hjDji form unbounded open contours for c / C 0 > 0, and closed contours for c < 0. Thus the integration range ½y 1 ; y 2 is restricted. For c > 0 we invoke a bandwidth limited kinetic energy cutoff AEe m , with concomitant scaled integration range ½À1; 1 [3] .
For c 6 0 the situation is more complicated. The scaled integration range ½Ày 0 ðtÞ; y 0 ðtÞ is a function of temperature and the parameters ½c; a. 
separates the open from closed contour regions.
The relationship between the interaction parameter c and the parameter /ðt ¼ 0Þ is shown in Fig. 2. For positive c the figure shows that c > / > 0. In accordance with Eq. (22) the SC gap at the Fermi surface is Uð0; 0Þ > a. It is also shown that relatively large negative values of c produce only small negative /. Consequently, the SC gap at the Fermi surface is smaller than a, but remains close to a even for relatively strong repulsive c.
The quasi-particle energy Yðy; t ¼ 0Þ is shown in Fig. 3 . The open contours correspond to attractive c > 0 and the closed contours to repulsive c < 0. For c > 0 the kinetic energy increases more rapidly than the SC gap decreases; whereas, for c < 0 the upper gap solution in YðyÞ decreases more rapidly than the kinetic energy increases.
The SC gap Uðy; tÞ is shown in Fig. 4 for several values of t, with fixed c ¼ À0:4. As t increases both the gap Uðy; tÞ and y 0 ðtÞ decrease to non-zero values near t C . Since Uðy; t C Þ -0, a first order phase transition occurs. For decreasing temperatures supercooling is a possibility similar to that observed in low j LT superconductors [13] . The FOPT is evident in Fig. 5 where the gap Uðy ¼ 0; tÞ on the Fermi surface is shown. The dashed curve is the corresponding gap for c ¼ 0. In this special case Uðy ¼ 0; tÞ ¼ YðtÞ is determined by
The solution of Eq. (24) gives a second order phase transition(SOPT) similar to the c > 0 results [3] .
The entropy SðtÞ, a measure of the number of accessible states, is calculated from Eq. (A.3) and shown in Fig. 6 as a function of t. For t ( t C the entropy exhibits the usual increase as the increase in thermal energy increases the number of accessible states. Near t C an unusual decrease in SðtÞ occurs due to the strong decrease in the range 2y 0 ðtÞ of the scaled kinetic energy y when c 6 0, resulting in a net decrease in the number of accessible energy states. This behavior is also evident in the analytic expression for 
Since @r=@t < 0 for all 0 < t 6 t C , the specific heat becomes negative for rðtÞ < rðt ¼ t 0 Þ ¼ 0:6346, at which point the argument of the logarithm in Eq. (26) is unity. Using rðt 0 Þ in Eq. (24) gives the universal ratio t 0 =t C ¼ 0:8472, independent of a. In general for c 6 0, the SC state specific heat becomes negative as t approaches t C . This unusual behavior near t C is due to the strong reduction in the range of accessible energy states when c is repulsive.
Conclusions
Using a pairing Hamiltonian, the role of the interaction kernel in HTS is studied via a parameter a that measures the deviation from a separable kernel, and a parameter c, a measure of separability.
The parameters c and a are the scaled interaction constants C 0 and a 0 . It was shown that even weak interactions with a > 0 produce an effective pairing glue, with concomitant large values of the SC gap at T ¼ 0 and the transition temperature T C . The case a ¼ 0 is the well known pairing kernel that produces small SC gaps of LTS.
The case a > 0 with attractive c > 0 produces HTS, with a second order SC to normal state phase transition. An important consequence of a > 0 is that the gap at the Fermi surface and the critical temperature T C are quasi-linear functions of a, and relatively weak non-linear functions of c, which is instrumental in explaining many features of cuprate HTS [3] .
In this paper, the effects of c 6 0 on the SC state were examined. For c ¼ 0 the quasi-particle energy satisfies the molecular field equation for the reduced magnetization of a spin 1/2 ferromagnet, which has a SOPT. In the general case, a > 0; c -0, the SC gap and quasi-particle energies exhibit significantly different behavior as a function of the kinetic energy for attractive versus repulsive c. Repulsive c < 0 quenches superconductivity, somewhat analogous to the quenching by a magnetic field. The result is a first order phase transition in zero magnetic field, and unconventional temperature dependence of the entropy and specific heat. Although the SC state is not as robust as it is for attractive c > 0, it was shown that T C ðc < 0Þ is a very weak function of c < 0, i.e. the SC state exists at temperatures slightly below T C ðc ¼ 0Þ even for relatively strong repulsive c < 0. We interpret this static result as an indication that the SC state arising from a non-separable interaction kernel is quite stable against large repulsive fluctuations in the separable part of the kernel. Whether any materials exhibit the unusual SC state behavior for static c < 0 is not known, but the theory presented points out the possibility and explains the phenomenon. 
